3.3 4-Momentum and “E = mc2”
The most important 4-vector (i.e. a vector in 4-dimensional spacetime) for extending Newtonian dynamics to special relativity is the 4-momentum, also called energy momentum.

We first define the rest mass, m0, of a particle to be its value in its inertial frame of rest, i.e. where the particle is at rest.

The conventional 3-momentum (i.e. the momentum vector in 3-dimensional “Euclidean” space) of a particle in Newtonian dynamics is:




p = m0v

(NB, underlining indicates a vector)

We define the 4-momentum by:




Pµ = m0Uµ



     = m0γ(u)(c,u)

We also define the relativistic mass as m = m0γ(u), so:




Pµ = m(c,u)

for |u|/c « 1, Pι → uι ≡ p 

In Newtonian physics, energy is conserved and (3-)momentum is conserved (separate laws).

Newtonian physics is an apporoximation to real physics, i.e. relativistic physics.  We need to generalise momentum conservation so that it has the correct Newtonian limit (for v/c « 1) – the correspondence principle – but is expressed in terms of 4-vectors.
So 3-momentum conservation becomes 4-momentum conservation:




Pµtot ι = Pµtot f

i.e. total initial 4-m = total final 4-m




Pµtot = ΣPµα

(sum over particles, α)

This holds for all inertial frames, since it is a 4-vector law.

In the Newtonian limit, u/c « 1, Pι ≡ mu → m0u, i.e. conventional 3-momentum.  So Pι components generalise conventional 3-momentum conservation.

What about the P0 component, i.e a single particle?




P0 = γ(u) m0c,

where γ = (1 – u2/c2)-1/2
In the Newtonian limit, u2/c2 « 1, so γ can be approximated by its binomial expansion:




γ → 1 + ½( u2/c2) + 0(u4/c4)

So, substituting for γ in our P0 component:




P0 → [1 + ½( u2/c2)]m0c + 0(u4/c4)m0c

Therefore:

P0 =  m0c + ½ m0( u2/c)

If we now define the relativistic energy of a particle as E = P0c, then:




P0c =  m0c2 + ½ m0u2 
Interpretation:

½ m0u2 is the usual Newtonian kinetic energy of a particle.  The term m0c2 is therefore the rest energy of the particle.  This is the famous:




E = mc2 
Which expresses the equivalence of energy and mass.

Legend
v = velocity in the Newtonian limit

u = relative velocity

c = velocity of light in vacuum

m = mass

P = momentum

E = energy
